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DERIVATIONS OF THE CHENG-KAC JORDAN
SUPERALGEBRAS
ELISABETE BARREIRO⋆, ALBERTO ELDUQUE⋆⋆,
AND CONSUELO MARTI´NEZ⋆⋆⋆
Abstract. The derivations of the Cheng-Kac Jordan superalgebras are
studied. It is shown that, assuming −1 is a square in the ground field,
the Lie superalgebra of derivations of a Cheng-Kac Jordan superalgebra
is isomorphic to the Lie superalgebra obtained from a simpler Jordan
superalgebra (a Kantor double superalgebra of vector type) by means
of the Tits-Kantor-Koecher construction. This is done by exploiting the
S4-symmetry of the Cheng-Kac Jordan superalgebra.
1. Introduction
Cheng-Kac superalgebras appeared for the first time in [CK97], where
Cheng and Kac introduced a new superconformal algebra that they denoted
as CK6 in connection with the classification of the simple conformal Lie
superalgebras of finite type.
This superalgebra was considered independently in [GLS01].
The general construction, in a Jordan context, appears in the classifica-
tion of simple finite dimensional unital Jordan superalgebras with a non-
semisimple even part [MZ01]. The construction involves an arbitrary asso-
ciative commutative superalgebra Z, and an even derivation δ : Z → Z. In
order to get simple superalgebras, Z must be δ-simple, that is, it does not
contain any proper δ-invariant ideal. We will denote by J = JCK(Z, δ)
the Jordan superalgebra obtained in this way, while CK(Z, δ) will denote
the corresponding centerless Lie superalgebra obtained via the Tits-Kantor-
Koecher process.
If we consider Z = F [t, t−1] the algebra of Laurent polynomials and δ = d
dt
the usual derivative, then CK(Z, δ) gives the superconformal algebra CK6
found by Cheng and Kac.
The Jordan Cheng-Kac superalgebra is a free module of dimension 8 over
Z, and hence, if the dimension of Z over the ground field F is finite, the
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dimension of JCK(Z, δ) over the ground field is 8 dimF Z. However, the
dimension of the Lie superalgebra CK(Z, δ) is not so obvious.
In [Bar10], the first author studies the dimension of the Cheng-Kac Lie
superalgebra in the case that Z is the algebra of truncated polynomials over
the prime field in characteristic 3 and δ is the usual derivation.
But her results on the dimension of the Cheng-Kac superalgebra extend
to the general case. The Lie superalgebra of derivations of the Jordan super-
algebra JCK(Z, δ) will be described explicitly here, as well as its subalgebra
of inner derivations. In doing so, the Kantor double superalgebra of vector
type Z ⊕ Zx and its derivation algebra will play an essential role.
Moreover, these results will be used to prove that the Lie superalgebra of
derivations of JCK(Z, δ), or its subalgebra of inner derivations, can be ob-
tained through Tits version of the Tits-Kantor-Koecher construction applied
to the subalgebra Z ⊕ Zx of JCK(Z, δ). This will be done by exploiting a
symmetry over the symmetric group of degree 4 of the Cheng-Kac Jordan
superalgebra.
2. Preliminaries
Let Z be a unital commutative and associative algebra over a field F of
characteristic 6= 2. Let δ ∈ DerZ be a derivation such that Zδ(Z) = Z. In
particular, this is the situation when δ 6= 0 and Z is δ-simple.
The Cheng-Kac Jordan superalgebra J = JCK(Z, δ) is the Jordan super-
algebra J = J0¯ ⊕ J1¯ where both J0¯ and J1¯ are free Z-modules of rank 4:
J0¯ = Z1⊕ (⊕3i=1Zwi), J1¯ = Zx⊕ (⊕3i=1Zxi), J0¯ is a unital Jordan algebra
over Z, and it is isomorphic to the scalar extension
(
F1⊕ (⊕3i=1Fwi)
)⊗F Z
of the Jordan algebra over F of a quadratic form with w21 = w
2
2 = 1 = −w23
and wiwj = 0 for i 6= j. The multiplication of even and odd elements and
of odd elements is given by the following tables:
J0¯J1¯ gx gxj
f (fg)x (fg)xj
fwi
(
δ(f)g
)
xi −(fg)xi×j
J1¯J1¯ gx gxj
fx δ(f)g − fδ(g) −(fg)wj
fxi (fg)wi 0
where x1×2 = −x2×1 = x3, x1×3 = −x3×1 = x2, x3×2 = −x2×3 = x1 and
xi×i = 0 for any i = 1, 2, 3.
Let us list some easy properties of J :
Proposition 2.1. Under the conditions above:
(1) Z (= Z1) is the center Z(J0¯) of J0¯ (that is, the elements which
commute and associate with any other elements, the commutativity
being trivial here).
(2) J2
1¯
= J0¯, as (Zx)x = δ(Z) is in J
2
1¯
, and (fx)(gx) = δ(f)g− fδ(g) =
δ(fg) − 2fδ(g), so that fδ(g) is in J2
1¯
, and hence Z = Zδ(Z) is
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contained in J2
1¯
. (Obviously Zwi is contained in J
2
1¯
for any i =
1, 2, 3.)
Therefore any derivation (in the super sense) of J is determined by
its action on J1¯, and hence by its action on Z, x, x1, x2 and x3.
(3) J is Z22-graded with
J [0¯,0¯] = Z ⊕ Zx,
J [1¯,0¯] = Zw1 ⊕ Zx1,
J [0¯,1¯] = Zw2 ⊕ Zx2,
J [1¯,1¯] = Zw3 ⊕ Zx3.
(2.1)
(4) The subspace Zx consists precisely of the elements z ∈ J such that
zwi = 0 for any i = 1, 2, 3.
Our aim is the determination of the Lie superalgebra of derivations of the
Cheng-Kac Jordan superalgebra.
Also, assuming −1 ∈ F2, it will be proved that this Lie superalgebra
is isomorphic to the Tits-Kantor-Koecher Lie superalgebra attached to the
subalgebra Z ⊕ Zx of J . This will be done by exploiting a symmetry over
the symmetric group of degree 4 of the Cheng-Kac Jordan superalgebra.
3. The superalgebra of derivations Der(Z ⊕ Zx)
In order to compute the Lie superalgebra of derivations of a Cheng-Kac
Jordan superalgebra J = JCK(Z, δ), we will start by computing the deriva-
tions of the Kantor double superalgebra of vector type K = Z ⊕ Zx, which
is a subalgebra of JCK(Z, δ).
Given any derivation µ of the algebra Z such that [µ, δ] ∈ Zδ, let a ∈ Z
be such that [µ, δ] = 2aδ. Then there is a unique even derivation µˇ of Z⊕Zx
such that µˇ|Z = µ and µˇ(x) = ax.
Also, for any a ∈ Z, there is a unique odd derivation ηa such that ηa(Z) =
0, ηa(x) = a. Moreover, if the characteristic of F is 3, then for any µ ∈ Zδ,
there is a unique odd derivation µ− such that µ−(z) = µ(z)x for any z ∈ Z,
and µ−(x) = 0.
Recall that the Lie superalgebra Inder(J) of inner derivations of a Jordan
superalgebra J is the linear span of the derivations D(a, b) : c 7→ a(bc) −
(−1)a¯b¯b(ac). This is an ideal of the Lie superalgebra Der(J) of derivations.
Proposition 3.1. Let K be the Jordan superalgebra Z ⊕ Zx (a subalgebra
of the Cheng-Kac Jordan superalgebra JCK(Z, δ)). Then:
• The assignment µ 7→ µˇ gives an isomorphism {µ ∈ Der(Z) : [µ, δ] ∈
Zδ} → Der(K)0¯. Under this isomorphism Inder(K)0¯ corresponds to
Zδ (which is linearly isomorphic to Z).
• If the characteristic of F is 6= 3, then Der(K)1¯ = Inder(K)1¯ = {ηa :
a ∈ Z}, which is linearly isomorphic to Z.
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• If the characteristic of F is 3, then Inder(K)1¯ = {ηa : a ∈ Z} and
Der(K)1¯ = Inder(K)1¯ ⊕ {µ− : µ ∈ Zδ}.
Proof. Let γ be an even derivation of K, then µ = γ|Z is a derivation of
Z, and γ(x) ∈ Zx, so there is an element a ∈ Z such that γ(x) = ax. For
f, g ∈ Z we get:
γ(fx) = µ(f)x+ f(ax) = (µ(f) + af)x,
γ((fx)(gx)) = γ(δ(f)g − fδ(g)) = µ(δ(f)g − fδ(g)),
γ(fx)(gx) + (fx)γ(gx) = ((µ(f) + af)x)(gx) + (fx)(µ(g) + ag)x)
=
(
δµ(f) + δ(fa)
)
g − (µ(f) + fa)δ(g)
+ δ(f)(µ(g) + ga) − f(δµ(g) + δ(ga)).
With g = 1 we obtain µδ(f) = δµ(f) + δ(fa) + δ(f)a − fδ(a) = δµ(f) +
2aδ(f), that is, [µ, δ] = 2aδ. Hence γ is determined by µ: γ = µˇ, which is
easily seen with the computations above to be indeed an even derivation. As
for the inner even derivations, note that D(Z,Z) = 0, while for any f, g ∈ Z,
D(fx, gx) : h 7→(fx)(hgx) + (gx)(hfx) (fx and gx are odd)
= δ(f)hg − fδ(hg) + δ(g)hf − gδ(hf) = −2fgδ(h).
Hence the restriction to Z of D(fx, gx) is −2fgδ, and this gives the isomor-
phism Inder(K)0¯
∼= Zδ.
For any f, g ∈ Z, D(f, gx)(Z) = 0 and D(f, gx)(x) = fδ(g) − δ(g)f +
gδ(f) = gδ(f). That is,
D(f, gx) : Z 7→ 0, x 7→ gδ(f). (3.1)
As Z = Zδ(Z), this shows that Inder(K)1¯ = {ηa : a ∈ Z}.
Now, given any η ∈ Der(K)1¯, let a = η(x) and change η by η − ηa.
Hence we may assume η ∈ Der(K)1¯ and η(x) = 0. There is a linear map
µ ∈ EndF(Z) such that η(f) = µ(f)x, and µ is a derivation of Z. Also, for
any f ∈ Z, η(fx) = η(f)x = (µ(f)x)x = δµ(f). For any f, g ∈ Z we have
η
(
(fx)(gx)
)
= η(fx)(gx) − (fx)η(gx) and:
η
(
(fx)(gx)
)
= µ
(
δ(f)g − fδ(g))x,
η(fx)(gx) − (fx)η(gx) = (δµ(f)g − fδµ(g))x.
With g = 1 we obtain [µ, δ] = 0, and hence
δ(f)µ(g) = µ(f)δ(g) (3.2)
for any f, g ∈ Z. Also η(f(gx)) = η(f)(gx) + fη(gx), and
η
(
f(gx)
)
= η
(
(fg)x
)
= δµ(fg),
η(f)(gx) + fη(gx) = (µ(f)x)(gx) + fδµ(g)
= δµ(f)g − µ(f)δ(g) + fδµ(g) = δµ(fg) − 2µ(f)δ(g) − δ(f)µ(g),
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so that
2µ(f)δ(g) + δ(f)µ(g) = 0, (3.3)
for any f, g ∈ Z.
If the characteristic of F is 6= 3, (3.2) and (3.3) give µ(f)δ(g) = 0 for any
f, g ∈ Z, so that µ(Z)δ(Z) = 0, and since Z = Zδ(Z), µ(Z)Z = 0, so that
µ = 0, thus getting Der(K)1¯ = Inder(K)1¯.
However, if the characteristic of F is 3, then (3.3) is equivalent to (3.2).
As Z = Zδ(Z), there are elements ai, bi ∈ Z with 1 =
∑
aiδ(bi) and for any
f ∈ Z, using (3.2) we compute:
µ(f) =
∑
µ(f)aiδ(bi) =
∑
δ(f)aiµ(bi) =
(∑
aiµ(bi)
)
δ(f).
Thus µ ∈ Zδ. Conversely, if µ ∈ Zδ, then (3.2) holds, and η = µ− is indeed
an odd derivation. 
We will denote by Der(K) the subalgebra Der(K)0¯ ⊕ {ηa : a ∈ Z} =
Der(K)0¯⊕ Inder(K)1¯ of Der(K). If the characteristic is 6= 3, then Der(K) =
Der(K).
In spite of the different behavior in the previous proposition depending
on the characteristic being 3 or 6= 3, the Lie superalgebra which plays a
key role in studying the Lie superalgebra of derivations of the Cheng-Kac
Jordan superalgebras is the Lie superalgebra Der(K), whose definition and
behavior is independent of the characteristic.
Example 3.2. Let F be a field of prime characteristic p > 2, let Z = F[t :
tp = 0] be the algebra of truncated polynomials, and let δ = d
dt
be the usual
derivative. Then Z is δ-simple. Let K = Z ⊕ Zx be the the Kantor double
superalgebra of vector type as above. Then Der(Z) = Zδ, because any
derivation is determined by its action on t. Hence Der(K)0¯ = {µˇ : µ ∈ Zδ} =
D(Zx, x), while Inder(K)1¯ = D(Z,Zx). Since we have Z = δ(Z) ⊕ Ftp−1,
D(Z,Zx) = ηZ = ηδ(Z) ⊕ Fηtp−1 = D(Z, x) ⊕ FD(tp−1, tx). If p > 3, then
Der(K)1¯ = Inder(K)1¯, while for p = 3, Der(K)1¯ = Inder(K)1¯ ⊕ {µ− : µ ∈
Der(Z)}.
4. Derivations of the Cheng-Kac Jordan superalgebras
4.1. Even derivations. Let J be the Cheng-Kac Jordan superalgebra J =
JCK(Z, δ) for a unital commutative and associative algebra Z and a deriva-
tion δ of Z with Z = Zδ(Z). The computation of Der(J)0¯ will be done in
several steps:
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4.1.1. The restriction Der(J)0¯ → Der(J0¯) : ∂ 7→ ∂|J0¯ is one-to-one:
For if ∂ is an even derivation of J with ∂(J0¯) = 0, then in particular
∂(wi) = 0, i = 1, 2, 3, and hence ∂(Zx) ⊆ Zx, as Zx is the annihilator in
J of {w1, w2, w3}. Therefore ∂|K ∈ Der(K)0¯ with ∂(Z) = 0. Proposition
3.1 shows that ∂|K = 0, so ∂(Zx) = 0 and ∂(Zxi) = ∂
(
(δ(Z)Z)xi
)
=
∂
(
(Zwi)(Zx)
)
= 0.
4.1.2. Der(J0¯) = D(J0¯, J0¯)|J0¯ ⊕ {∂ˆ : ∂ ∈ Der(Z)}, where for any ∂ ∈
Der(Z), ∂ˆ is the derivation of J0¯ such that ∂ˆ(wi) = 0, i = 1, 2, 3, and
∂ˆ|Z = ∂. (Note that J0¯ is the tensor product of Z and the Jordan algebra
of a form over F: F1⊕ (⊕3i=1Fwi).)
It is clear that both D(J0¯, J0¯)|J0¯ and {∂ˆ : ∂ ∈ Der(Z)} are contained in
Der(J0¯), and since D(J0¯, J0¯)(Z) = 0, the intersection of these two subspaces
is trivial.
Now, let η be a derivation of J0¯, then η(Z) is contained in Z, since Z is
the center of J0¯. Let ∂ = η|Z . Then η¯ = η − ∂ˆ is a derivation of J0¯ which
annihilates Z, and hence η¯ ∈ DerZ(J0¯) = Der
(
F1 ⊕ (⊕3i=1Fwi)
) ⊗F Z. But
Der
(
F1⊕ (⊕3i=1Fwi)
)
= Inder
(
F1⊕ (⊕3i=1Fwi)
)
and the result follows.
4.1.3. Given any ∂ ∈ Der(K)0¯, Proposition 3.1 shows that the restriction
∂|Z = µ ∈ Der(Z) satisfies [µ, δ] = 2aδ for some a ∈ Z, such that ∂(x) = ax.
Define ∂˜ by means of
∂˜|K = ∂, ∂˜(fwi) = µ(f)wi, ∂˜(fxi) = (µ(f)− af)xi, (4.1)
for any f ∈ Z and i = 1, 2, 3.
4.1.4. Der(J)0¯ = D(J0¯, J0¯)⊕ {∂˜ : ∂ ∈ Der(K)0¯}.
Indeed, both D(J0¯, J0¯) and {∂˜ : ∂ ∈ Der(K)0¯} are contained in Der(J)0¯,
and its intersection is trivial since D(J0¯, J0¯) annihilates Z. Now, if η is an
even derivation of J we know from the previous assertions that η|J0¯ = η1+η2
with η1 ∈ D(J0¯, J0¯)|J0¯ and η2 = µˆ for some µ ∈ Der(Z). Since η1 is the
restriction to J0¯ of a derivation in D(J0¯, J0¯) we may subtract this derivation
from η and hence assume that η|J0¯ = µˆ for some µ ∈ Der(Z). In particular
we have η(wi) = 0, i = 1, 2, 3, and hence η(Zx) ⊆ Zx since Zx is the
annihilator of {w1, w2, w3}. Therefore we get ∂ = η|K ∈ Der(K)0¯. We
conclude that η|J0¯ = ∂˜|J0¯ , and hence η = ∂˜ since the restriction map is
one-to-one.
4.1.5. Inder(J)0¯ = D(J0¯, J0¯) ⊕ D(x,Zx) and D(x,Zx) = {∂˜ : ∂ = µˇ for
some µ ∈ Zδ}.
For any f, g ∈ Z, D(x, fx)(wi) = 0 (recall that Zx annihilates the wi’s),
and D(x, fx)(g) = −δ(fg) + (δ(f)g − fδ(g)) = −2fδ(g). Hence D(x, fx) =
−2∂˜, with ∂ = (fδ)ˇ.
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Consider the Z22-grading of J in (2.1) and the induced grading on Der(J).
From the previous assertion, and since {∂˜ : ∂ ∈ Der(K)0¯} is contained in
Der(J)[0¯,0¯] it is enough to deal with the [0¯, 0¯] component. Using that
(−1)z¯1z¯3D(z1, z2z3) + (−1)z¯2z¯1D(z2, z3z1) + (−1)z¯3z¯2D(z3, z1z2) = 0, (4.2)
for any homogeneous z1, z2, z3 ∈ J we obtain
D(Zx,Zx) ⊆ D(J0¯, J0¯)⊕D(x,Zx),
D(Zxj , Zxj) ⊆ D(J0¯, J0¯) +D(xj , Zxj) = D(J0¯, J0¯),
as D(xj , fxj) is 0 on Z, x and xi, i = 1, 2, 3, for any f ∈ Z.
4.1.6. The restriction of D(Z, J0¯) and of D(Zwi, Zwi) (i = 1, 2, 3) to J0¯
is 0, so D(Z, J0¯) = 0, since the restriction map is one-to-one. Also (4.2)
gives D(Zwi, Zwj) = D(wi, Zwj). ThereforeD(J0¯, J0¯) = ⊕3i=1D(wi, Zwi+1)
(indices modulo 3).
The next result summarizes most of the work in this subsection:
Proposition 4.1. Let J be the Cheng-Kac Jordan superalgebra JCK(Z, δ)
for a unital commutative and associative algebra Z and a derivation δ of Z
with Z = Zδ(Z). Relative to the Z22-grading induced by (2.1) we have
Der(J)
[0¯,0¯]
0¯
= {∂˜ : ∂ ∈ Der(K)0¯},
Inder(J)
[0¯,0¯]
0¯
= D(x,Zx) = {∂˜ : ∂ ∈ Inder(K)0¯}
= {∂˜ : ∂ = µˇ for some µ ∈ Zδ},
Der(J)
[1¯,0¯]
0¯
= D(w2, Zw3),
Der(J)
[0¯,1¯]
0¯
= D(w3, Zw1),
Der(J)
[1¯,1¯]
0¯
= D(w1, Zw2).
Corollary 4.2. Let J be the Cheng-Kac Jordan superalgebra JCK(Z, δ) for
a unital commutative and associative algebra Z and a derivation δ of Z with
Z = Zδ(Z). Then dimF Inder(J)0¯ = 4dimFZ = dimF J0¯.
Proof. It is enough to take into account dimF Zδ = dimFZ (because fδ = 0
if and only if fδ(Z) = 0 which gives f = 0 as Z = Zδ(Z)) and also
dimFD(wi, Zwi+1) = dimF Z for any i = 1, 2, 3 (indices modulo 3), as
D(wi, fwi+1)(wi) = −(fwi+1)(w2i ) = ±fwi+1 for any f ∈ Z, so that the
linear maps Z → Der(J)0¯ : f 7→ D(wi, fwi+1) are one-to-one. 
Example 4.3. Let F be a field of prime characteristic p > 2, let Z = F[t :
tp = 0] be the algebra of truncated polynomials, and let δ = d
dt
be the
usual derivative. Let J = JCK(Z, δ) be the associated Cheng-Kac Jordan
superalgebra. Example 3.2 and Proposition 4.1 give:
Der(J)0¯ = Inder(J)0¯ = D(x,Zx)⊕D(w2, Zw3)⊕D(w3, Zw1)⊕D(w1, Zw2).
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4.2. Odd derivations. Let again J be the Cheng-Kac Jordan superalgebra
J = JCK(Z, δ) for a unital commutative and associative algebra Z and a
derivation δ of Z with Z = Zδ(Z).
4.2.1. Let a ∈ Z and consider the odd derivation ηa of K in Proposition
3.1: ηa(Z) = 0, ηa(x) = a. Then ηa extends to an inner odd derivation η˜a
of J by means of η˜a(xj) = 0 for any j = 1, 2, 3.
Actually, for any f, g ∈ Z, the action of the odd derivation D(f, gx) is
determined by:
D(f, gx) : Z 7→ 0, x 7→ gδ(f), xj 7→ 0, j = 1, 2, 3. (4.3)
(Compare to (3.1).) Hence if a =
∑
giδ(fi) (Z = Zδ(Z)), we get η˜a =∑
D(fi, gix).
4.2.2. Hence if ∂ is an odd derivation in Der(J)
[0¯,0¯]
1¯
with ∂(x) = a, then
(∂ − η˜a)(x) = 0.
4.2.3. Let then ∂ be an odd derivation in Der(J)
[0¯,0¯]
1¯
such that ∂(x) = 0.
According to Proposition 3.1 either ∂(Z) = 0 or the characteristic of F is 3
and there is an element a ∈ Z such that ∂(f) = aδ(f)x for any f ∈ Z. For
any j = 1, 2, 3 there is an element bj ∈ Z such that ∂(xj) = bjwj (recall
∂ ∈ Der(J)[0¯,0¯]
1¯
). Then, taking indices modulo 3,
0 = ∂(xixi+1) = (biwi)xi+1 − xi(bi+1wi+1) = −(bi + bi+1)xi×(i+1).
Hence b1 = −b2 = b3 = −b1, so that b1 = b2 = b3 = 0 and ∂(xj) = 0.
Therefore, in case ∂(Z) = 0, then ∂ = 0, as Z, x and the xj ’s generate J .
Assume then that the characteristic of F is 3 and ∂(f) = aδ(f)x for any
f ∈ Z for a fixed a ∈ Z. Now, for any f ∈ Z, ∂(fxj) = (aδ(f)x)xj =
−aδ(f)wj and 0 = ∂
(
(fx1)x2
)
= ∂(fx1)x2 = −(aδ(f)w1)x2 = aδ(f)x3. It
follows aδ(Z) = 0, so aZ = aZδ(Z) = 0, and a = 0, so ∂ = 0 in this case
too.
We conclude that Der(J)
[0¯,0¯]
1¯
= D(Z,Zx) = {η˜a : a ∈ Z}.
4.2.4. Consider an odd derivation ∂ ∈ Der(J)[1¯,0¯]
1¯
, then ∂(x1) = a ∈ Z, so
∂(x1) = −D(w1, ax)(x1). As D(w1, ax) is in Der(J)[1¯,0¯]1¯ too, we may substi-
tute ∂ by ∂ + D(w1, ax) and assume ∂(x1) = 0. Then ∂(w1) = ∂(x1x) =
−x1∂(x) ∈ x1(Zw1) = 0. For any f ∈ Z, ∂(f) = ∂(w1(fw1)) = w1∂(fw1) ∈
w1(Zx) = 0, so ∂(Z) = 0. Now we have ∂(x) = aw1 for some a ∈ Z, and
hence
0 = ∂δ(f) = ∂((fx)x) = ∂(fx)x− (fx)∂(x)
= (faw1)x− (fx)(aw1) = (δ(fa) − fδ(a))x1 = aδ(f)x1.
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Therefore aδ(Z) = 0, so aZ = aZδ(Z) = 0 and a = 0. Thus ∂(x) = 0.
Finally 0 = ∂(x1x2) = −x1∂(x2), so ∂(x2) = 0 because {v ∈ Zw3 : x1v =
0} = 0. In the same vein ∂(x3) = 0, and hence ∂ = 0.
We conclude Der(J)
[1¯,0¯]
1¯
= D(w1, Zx), and the same arguments give
Der(J)
[0¯,1¯]
1¯
= D(w2, Zx) and Der(J)
[1¯,1¯]
1¯
= D(w3, Zx).
Therefore we get the next result:
Proposition 4.4. Let J be the Cheng-Kac Jordan superalgebra JCK(Z, δ)
for a unital commutative and associative algebra Z and a derivation δ of Z
with Z = Zδ(Z). Relative to the Z22-grading induced by (2.1) we have
Der(J)
[0¯,0¯]
1¯
= D(Z,Zx) = {η˜a : a ∈ Z},
Der(J)
[1¯,0¯]
1¯
= D(w1, Zx),
Der(J)
[0¯,1¯]
1¯
= D(w2, Zx),
Der(J)
[1¯,1¯]
1¯
= D(w3, Zx).
Corollary 4.5. Let J be the Cheng-Kac Jordan superalgebra JCK(Z, δ) for
a unital commutative and associative algebra Z and a derivation δ of Z with
Z = Zδ(Z). Then:
• Any odd derivation is inner: Der(J)1¯ = Inder(J)1¯.
• The restriction map Der(J)[0¯,0¯] 7→ Der(K) : ∂ 7→ ∂|K is one-to-one
with image Der(K).
• dimFDer(J)1¯ = 4dimF Z = dimF J1¯.
Example 4.6. Let F be a field of prime characteristic p > 2, let Z = F[t :
tp = 0] be the algebra of truncated polynomials, and let δ = d
dt
be the
usual derivative. Let J = JCK(Z, δ) be the associated Cheng-Kac Jordan
superalgebra. For any f ∈ Z and i = 1, 2, 3, D(wi, fx) + D(f, xwi) +
D(x, fwi) = 0 (4.2), and xwi = 0. Hence D(wi, Zx) = D(Zwi, x) holds.
Also for any f, g ∈ Z, D(f, gx) = η˜gδ(f) (4.3) and hence, as in Example 3.2,
D(Z,Zx) = D(Z, x) ⊕ FD(t, tp−1x). It follows from Proposition 4.4 that
Inder(J)1¯ = D(J0¯, x)⊕ FD(t, tp−1x).
Remark 4.7. For any i = 1, 2, 3, D(Z,Zxi) = 0, as for any f, g ∈ Z,
D(f, gxi) acts trivially on Z, x, and xj, j = 1, 2, 3.
As a direct consequence of Corollaries 4.2 and 4.5 we obtain:
Corollary 4.8. Let J be the Cheng-Kac Jordan superalgebra JCK(Z, δ) for
a unital commutative and associative algebra Z and a derivation δ of Z with
Z = Zδ(Z). Then dimF Inder(J) = dimF J = 8dimF Z.
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4.3. The Tits-Kantor-Koecher Lie superalgebra K(J). The so called
Tits-Kantor-Koecher Lie superalgebra K(J) attached to a Jordan super-
algebra J is defined on the direct sum of Inder(J) and three copies of J
(see [Jac68]). Actually, L = K(J) is a 3-graded Lie superalgebra L =
L−1 ⊕ L0 ⊕ L1, where L±1 is a copy of J , L0 is the Lie subalgebra of gl(J)
generated by the left multiplications by elements in J and by Inder(J):
L0 = LJ⊕Inder(J) (the structure Lie superalgebra of J), and the Lie bracket
is given by:
[x1, y−1] = Lxy +D(x, y),
[La, x±1] = ±(ax)±1,
[d, x±1] = d(x)±1,
[x1, y1] = [x−1, y−1] = 0,
for any a, x, y ∈ J and d ∈ Inder(J), where x±1 denotes the element x as an
element in L±1.
For J = JCK(Z, δ) a Cheng-Kac Jordan superalgebra, K(J) is the asso-
ciated Cheng-Kac Lie superalgebra CK(Z, δ).
Corollary 4.8 immediately gives the dimension of this Cheng-Kac Lie su-
peralgebra:
Corollary 4.9. Let J be the Cheng-Kac Jordan superalgebra JCK(Z, δ)
for a unital commutative and associative algebra Z and a derivation δ of
Z with Z = Zδ(Z), and let K(J) = CK(Z, δ) be the associated Cheng-Kac
Lie superalgebra. Then dimFK(J) = 4dimF J = 32dimF Z holds. (And
dimFK(J)0¯ = dimFK(J)1¯ = 4dimF J0¯ = 4dimF J1¯ = 16dimF Z.)
5. A more symmetric multiplication table
Assume from now on that our ground field satisfies −1 ∈ F2. (This is
always the case if the characteristic of F is congruent to 1 modulo 4.)
Consider the following elements in the Cheng-Kac Jordan superalgebra
J = JCK(Z, δ):
v1 =
√−1w1, v2 =
√−1w2, v3 = w3,
y = x, y1 =
√−1x1, y2 =
√−1x2, y3 = x3,
and define y1∧2 = −y2∧1 = y3, y2∧3 = −y3∧2 = y1, y3∧1 = −y1∧3 = y2,
yi∧i = 0, i = 1, 2, 3. Then {1, v1, v2, v3} is a Z-basis of J0¯, {y, y1, y2, y3} is
a Z-basis of J1¯, v
2
i = −1 for any i = 1, 2, 3, vivj = 0 for any i 6= j, and the
multiplication of even and odd elements and of odd elements is given by the
new tables:
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J0¯J1¯ gy gyj
f (fg)y (fg)yj
fvi
(
δ(f)g
)
yi (fg)yi∧j
J1¯J1¯ gy gyj
fy δ(f)g − fδ(g) −(fg)vj
fyi (fg)vi 0
Now the three indices 1, 2, 3 play the same role. This fact, together with
the Z22-grading considered above proves the next result. In it we consider
the generators τ1 = (1 2)(3 4), τ2 = (2 3)(4 1), ϕ = (1 2 3) and τ = (1 2) of
the symmetric group S4. The choice of these generators is due to the fact
that the Z22-grading above is the decomposition into common eigenspaces
for the elements in Klein’s 4-group (generated by τ1 and τ2).
Theorem 5.1. The symmetric group of degree 4 embeds in the group AutJ
of automorphisms of J as follows:
• τ1 = (1 2)(3 4) acts as the identity on J [0¯,0¯] ⊕ J [1¯,1¯] and multiplying
by −1 on J [1¯,0¯] ⊕ J [0¯,1¯],
• τ2 = (2 3)(4 1) acts as the identity on J [0¯,0¯] ⊕ J [1¯,0¯] and multiplying
by −1 on J [0¯,1¯] ⊕ J [1¯,1¯],
• ϕ = (1 2 3) acts as the Z-linear map such that ϕ(1) = 1 and
ϕ(vi) = vi+1, ϕ(yi) = yi+1, ϕ(y) = y
(indices modulo 3).
• τ = (1 2) acts as the Z-linear map such that τ(1) = 1, τ(y) = y and
τ(v1) = −v2, τ(v2) = −v1, τ(v3) = −v3
τ(y1) = −y2, τ(y2) = −y1, τ(y3) = −y3.
Note that the symmetric group S4 embeds in this way in (Aut J) ∩
EndZ(J)0¯.
As a consequence, the Lie superalgebra of derivations of J : Der(J), and
the Lie superalgebra of inner derivations: Inder(J), are Lie superalgebras
with S4-symmetry.
It is straightforward to check that the even derivations ∂˜ in (4.1) com-
mute with the action of the symmetric group S4. Also S4 acts trivially on
K = Z ⊕ Zx = Z ⊕ Zy, and therefore S4 acts trivially by conjugation on
Der(J)
[0¯,0¯]
1¯
= D(Z,Zx) = D(Z,Zy) (Proposition 4.4). Since it acts trivially
too on Der(J)
[0¯,0¯]
0¯
= {∂˜ : ∂ ∈ Der(K)0¯} (Proposition 4.1), the next results
follows:
Proposition 5.2. The action by conjugation of S4 on Der(J)
[0¯,0¯] is trivial.
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6. Coordinate superalgebra
Let J be the Cheng-Kac Jordan superalgebra JCK(Z, δ) for a unital
commutative and associative algebra Z and a derivation δ of Z with Z =
Zδ(Z), over a field F with −1 ∈ F2. The Lie superalgebra of derivations
Der(J) is a Lie superalgebra with S4-symmetry (the action of S4 on Der(J)
given by conjugation), and therefore [EO07, §2] the subspace Der(J)[1¯,1¯] =
{X ∈ Der(J) : τ1(X) = X = −τ2(X)} is a superalgebra with involution (in
the super sense), where the multiplication and the involution are given by:
X · Y = −τ([ϕ(X), ϕ2(Y )]),
X¯ = −τ(X), (6.1)
for any X,Y ∈ Der(J)[1¯,1¯]. Actually, this is proved in [EO07] in the algebra
setting, but it extends naturally to the superalgebra setting [EO08]. The
superalgebra with involution (Der(J)[1¯,1¯], ·,−) is said to be the coordinate
superalgebra of Der(J). As proved in [EO07], this coordinate superalgebra
is structurable in case it is unital.
The aim of this section is the proof of the following result:
Theorem 6.1. The superalgebra with involution (Der(J)[1¯,1¯], ·,−) above is
isomorphic to the Jordan superalgebra K = Z⊕Zy with the trivial involution
(the identity map).
Proof. Propositions 4.1 and 4.4 give Der(J)
[1¯,1¯]
0¯
= D(v1, Zv2) and Der(J)
[1¯,1¯]
1¯
=
D(v3, Zy).
For any f ∈ Z we have
τ
(
D(v1, fv2)
)
= D(τ(v1), τ(fv2)) = D(−v2,−fv1) = D(v2, fv1)
= −D(v1, v2f) = −D(v1, fv2);
τ
(
D(v3, fy)
)
= D(τ(v3), τ(fy)) = D(−v3, fy) = −D(v3, fy).
Therefore, equation (6.1) shows that the involution is trivial: D(v1, fv2) =
D(v1, fv2) and D(v3, fy) = D(v3, fy). In particular, this shows that the
multiplication in (6.1) is supercommutative.
Let us compute now the multiplication in Der(J)[1¯,1¯] given in (6.1). For
any f, g ∈ Z:
D(v1, fv2) ·D(v1, gv2) =
[
D(ϕ(v1), ϕ(fv2)),D(ϕ
2(v1), ϕ
2(gv2))
]
= [D(v2, fv3),D(v3, gv1)]
= D
(
D(v2, fv3)(v3), gv1
)
+D
(
v3,D(v2, fv3)(gv1)
)
= −D(fv2, gv1) = D(v1, (fg)v2),
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D(v1, fv2) ·D(v3, gy) =
[
D(ϕ(v1), ϕ(fv2)),D(ϕ
2(v3), ϕ
2(gy))
]
= [D(v2, fv3),D(v2, gy)]
= D
(
D(v2, fv3)(v2), gy
)
+D
(
v2,D(v2, fv3)(gy)
)
= D(fv3, gy) +D(v2, (δ(f)g)y1)
= −D((gy)f, v3) = D(v3, (fg)y)
as D(v2, Zy1) = 0 (trivial action on Z, y, yj, j = 1, 2, 3),
D(v3, fy) ·D(v3, gy) =
[
D(ϕ(v3), ϕ(fy)),D(ϕ
2(v3), ϕ
2(gy))
]
= [D(v1, fy),D(v2, gy)]
= D
(
D(v1, fy)(v2), gy
)
+D
(
v2,D(v1, fy)(gy)
)
= D(v2, (δ(f)g − fδ(g))v1) = −D(v1, (δ(f)g − fδ(g))v2).
It then follows at once that the map:
Φ : K −→ (Der(J)[1¯,1¯], ·),
f + gy 7→ D(v1, fv2) +
√−1D(v3, gy)
is an isomorphism of superalgebras. This concludes the proof of Theorem
6.1. 
The symmetric group S4 fixes elementwise the subalgebra Der(J)
[0¯,0¯]
(Proposition 5.2), and therefore Der(J)[0¯,0¯] acts by derivations on the su-
peralgebra (Der(J)[1¯,1¯], ·), which is isomorphic to K. This induces a homo-
morphism of Lie superalgebras:
Φ∗ : Der(J)[0¯,0¯] −→ Der(K),
∂ 7→ ∂ˆ : z 7→ Φ−1([∂,Φ(z)]).
Proposition 6.2. Φ∗ is an isomorphism onto Der(K). It takes Inder(J)[0¯,0¯]
onto Inder(K). Thus, we have
Der(J)[0¯,0¯] ∼= Der(K), Inder(J)[0¯,0¯] ∼= Inder(K).
Proof. For ∂ ∈ Der(K)0¯, let ∂˜ be the corresponding derivation of J as in
(4.1), so that
∂˜|K = ∂, ∂˜(fvi) = µ(f)vi, ∂˜(fyi) = (µ(f)− af)yi,
for any f ∈ Z and i = 1, 2, 3, where µ = ∂|Z and a ∈ Z is the element such
that [µ, δ] = 2aδ, and which satisfies ∂(y) = ay.
Then for any f ∈ Z:
[∂˜,D(v1, fv2)] = D(∂˜(v1), fv2) +D(v1, ∂˜(fv2)) = D(v1, ∂(f)v2),
because ∂˜(vi) = 0 for i = 1, 2, 3. Hence [∂˜,Φ(f)] = Φ(∂(f)). Also,
[∂˜,D(v3, fy)] = D(v3, ∂˜(fy)) = D(v3, ∂(fy)),
so [∂˜,Φ(fy)] = Φ(∂(fy)). We conclude ∂ = Φ∗(∂˜).
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Now for any ∂ ∈ Der(K)1¯, there is an element a ∈ Z such that ∂ = ηa
(Proposition 3.1, recall ηa(Z) = 0). Thus ∂ extends to the odd derivation
η˜a in Subsection 4.2.1 with η˜a(yi) = 0 for any i = 1, 2, 3. Then η˜a(vi) =
η˜a(yiy) = −yiη˜a(y) = −ayi for i = 1, 2, 3, and for any f ∈ Z:
[η˜a,D(v1, fv2)] = D(−ay1, fv2) +D(v1,−afy2) = 0
because D(vi, Zyj) = D(Z,Zyj) = 0 for i 6= j (they act trivially on Z, y,
yk, k = 1, 2, 3). Also,
[η˜a,D(v3, fy)] = D(−ay3, fy), (as D(v3, Z) = 0)
= −D(v1(ay2), fy)
= D((ay2)(fy), v1)−D((fy)v1, ay2)
= D((af)v2, v1) ((Zy)v1 = 0)
= −D(v1, (af)v2) = −Φ(af)
= −Φ(ηa(fy)).
Therefore, since Φ(fy) =
√−1D(v3, fy), we conclude
√−1[η˜a,Φ(z)] =
Φ(ηa(z)) for any z ∈ K, or ηa = Φ∗(
√−1η˜a). This completes the proof. 
7. Derivations and the Tits-Kantor-Koecher construction
Given a Jordan superalgebra J and a subalgebra d of Der(J) such that
Inder(J) ≤ d ≤ Der(J), consider the orthogonal Lie algebra so3 of skewsym-
metric 3× 3 matrices over F, and the vector space
g =
(
so3 ⊗ J
)⊕ d,
with superanticommutative bracket given by
• d is a subalgebra of g,
• [∂,A ⊗ x] = A⊗ ∂(x), for any ∂ ∈ d, A ∈ so3 and x ∈ J ,
• [A⊗x,B⊗ y] = [A,B]⊗xy+ 12 trace(AB)D(x, y) for any A,B ∈ so3
and x, y ∈ J .
Then [Tits62] g is a Lie superalgebra. (Actually the work [Tits62] deals only
with the non-super case, but all the arguments there are valid in the super
setting [EO08].)
This Lie superalgebra g thus obtained will be denoted by T(J, d). For
d = Inder(J) we will write simply T(J).
If F is a field of prime characteristic p, then so3 is split, that is, isomorphic
to sl2. (One can check this directly, or using that so3 consists of the trace
zero elements of the classical quaternion algebra H = F1⊕Fi⊕Fj⊕Fk, with
i2 = j2 = −1, and ij = −ji = k, but the norm of this algebra represents
0 already over the prime subfield Fp = Z/pZ, and hence it is isomorphic to
Mat2(F).) If F is a field of characteristic 0 in which H is split (for instance,
if −1 ∈ F2), then also so3 is isomorphic to sl2. In this case take a standard
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basis {e, f, h} of sl2 with [h, e] = 2e, [h, f ] = −2f and [e, f ] = h. The
assignment:
e⊗ x↔ x1, 1
2
h⊗ x↔ Lx, 1
2
f ⊗ x↔ x−1, d↔ d,
for x ∈ J and d ∈ Inder(J), provides an isomorphism from T(J) onto K(J)
(see 4.3). Therefore, T(J) is nothing else but the Tits-Kantor-Koecher su-
peralgebra of the Jordan superalgebra J .
Note that so3 has a basis {E1, E2, E3} with [Ei, Ei+1] = Ei+2 (indices
modulo 3).
Our last result relates the Lie superalgebra of derivations of the Cheng-
Kac Jordan superalgebra JCK(Z, δ) to the Tits-Kantor-Koecher superalge-
bra attached to the Jordan superalgebra K = Z ⊕ Zx:
Theorem 7.1. Let J be the Cheng-Kac Jordan superalgebra JCK(Z, δ) for
a unital commutative and associative algebra Z and a derivation δ of Z with
Z = Zδ(Z), over a field F with −1 ∈ F2.
Then the Lie superalgebra of derivations Der(J) is isomorphic to the Tits-
Kantor-Koecher superalgebra T(J,Der(K)), while the Lie superalgebra of in-
ner derivations Inder(J) is isomorphic to T(K).
Proof. For any z ∈ K, let ι3(z) = Φ(z) ∈ Der(J)[1¯,1¯] and ι1(z) = ϕ(ι3(z)) ∈
Der(J)[1¯,0¯] and ι2(z) = ϕ
2(ι3(z)) ∈ Der(J)[0¯,1¯]. Then the fact that Φ is an
isomorphism is equivalent to the condition
ι3(z1z2) = [ι1(z1), ι2(z2)],
for any z1, z2 ∈ K. The action of the automorphism ϕ gives then
ιi(z1z2) = [ιi+1(z1), ιi+2(z2)]
for any i = 1, 2, 3 (indices modulo 3) and any z1, z2 ∈ K.
Following some of the ideas in [EO08, §7], identify the element ιi(z) with
Ei ⊗ z ∈ so3 ⊗ K )(i = 1, 2, 3), and identify Der(J)[0¯,0¯] with d = Der(K)
through the isomorphisms Φ∗, to get an identification Der(J) ≃ (so3⊗K)⊕d.
The Jacobi identity gives
[[ιi(z), ιi(z
′)], ιi+1(z
′′)]
= [ιi(z), ιi+2(z
′z′′)] + (−1)z¯′z¯′′ [ιi+2(zz′′), ιi(z)]
= −(−1)z¯(z¯′+z¯′′)ιi+1((z′z′′)z) + (−1)z¯′z¯′′ιi+1((zz′′)z′)
= −ιi+1(D(z, z′)(z′′)).
But trace(E2i ) = −2 for any i = 1, 2, 3, and this shows that the iden-
tification Der(J) ≃ (so3 ⊗ K) ⊕ d above is an isomorphism of Lie su-
peralgebras Der(J) ∼= T(K,Der(K)), which restricts to an isomorphism
Inder(J) ≃ T(J), because Inder(J)[0¯,0¯] = D(y, Zy)⊕D(Z,Zy) corresponds
through Φ∗ to Inder(K). 
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